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Abstract— We consider low-rank reconstruction of a matrix
using a subset of its columns and we present asymptotically optimal
algorithms for both spectral norm and Frobenius norm reconstruc-
tion. The main tools we introduce to obtain our results are: (i) the
use of fast approximate SVD-like decompositions for column-based
matrix reconstruction, and (ii) two deterministic algorithms for
selecting rows from matrices with orthonormal columns, building
upon the sparse representation theorem for decompositions of the
identity that appeared in [1].
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1. INTRODUCTION

The best rank k& approximation to a matrix A € R™*"
is Ay = Y% o;uvT, where 07 > 09 > - > o3, > 0
are the top k singular values of A, with associated left and
right singular vectors u; € R and v; € R" respectively.
(See Section 1.1 for notation.) The singular values and
singular vectors of A can be computed via the Singular
Value Decomposition (SVD) of A in O(mnmin{m,n})
time. There is considerable interest (e.g. [3], [5], [7], [8],
[10], [14], [18], [19], [20]) in determining a minimum set
of r < n columns of A which is approximately as good
as Ay at reconstructing A. Such columns are important
for interpretting data [20], building robust machine learning
algorithms [3], etc.

Let A € R™*™ and let C € R™*" consist of r columns
of A for some £k < r < n. We are interested in the
reconstruction errors (see Section 1.1 for notation)

IA—CC*All,  and  [A-TI (A)]

§7

for £ = 2, I (see Section 1.1 for notation). The former is
the reconstruction error for A using the columns in C; the
latter is the error from the best rank k reconstruction of A
(under the appropriate norm) within the column space of C.
For fixed A, k, and r, we would like these errors to be as
close to

IA — Aklle

as possible. We present polynomial-time near-optimal con-
structions for arbitrary r > k, settling important open
questions regarding column-based matrix reconstruction.
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o Spectral norm: What is the best reconstruction error
with 7 > k columns? We present polynomial-time
(deterministic and randomized) algorithms with approx-
imation error asymptotically matching a lower bound
proven in this work. Prior work had focused on the
r = k case and presented near-optimal polynomial-time
algorithms [5], [16].

o Frobenius norm: How many columns are needed
for relative error approximation, i.e. a reconstruction
error of (1 + €)||A — Agl|p, for € > 0? We show
that O(k/€) columns contain a rank-k subspace which
reconstructs A to relative error, and we present the
first sub-SVD-time (randomized) algorithm to identify
these columns. This matches the Q(k/¢) lower bound
in [7] and improves the best known upper bound of
O(klogk + k/e¢) [5], [7], [11], [22].

1.1. Notation

A, B, ... are matrices; a, b, ... are column vectors. I, is
the n x n identity matrix; 0,,,x» is the m x n matrix of zeros;
1, is the nx 1 vector of ones; e; is the standard basis (whose
dimensionality will be clear from the context); rank(A) is
the rank of A. The Frobenius and the spectral matrix-norms
are: A7 = X, ;A% and [[All2 = maxjy,—1 [|Ax]|2;
|All¢ is used if a result holds for both norms { = 2 and
¢ = F. The Singular Value Decomposition (SVD) of A,
with rank(A) = p is
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with singular values 01 > ...0% > 0441 2> ... > 0, > 0.
We will use o; (A) to denote the i-th singular value of A
when the matrix is not clear from the context. The matrices
Uy € R™** and U,_; € R™*(P=k) contain the left singular
vectors of A; and, similarly, the matrices Vi € R™** and
V,_r € R™(=k) contain the right singular vectors of A.
It is well-known that Ay = UkaVE minimizes ||A — X||¢
over all matrices X € R™*" of rank at most k. We use
A,_j to denote the matrix A — A, = Up,kEp,kVIT)_k.
Also, AT = VX 'U} denotes the Moore-Penrose pseudo-
inverse of A. For a symmetric positive definite matrix A =
BB, X (A) =0,2(B) denotes the i-th eigenvalue of A.



Finally, given a matrix A € R™*" and a matrix C €
R™*" with r > k, we formally define the matrix Hé R(A) €
R™*"™ ags the best approximation to A within the column
space of C that has rank at most k; Hf:,k(A) minimizes
the residual ||A — A|| ¢ over all A in the column space of
C that have rank at most k£ (one can write Hék(A) =CX
where X € R”*™ has rank at most k). In general, TTZ , (A) #
Hg’k(A); Section 4.2 discusses the computation of Hék(A).

1.2. Our main results

Since ||A — CCYA[l, < A - Hék(A)Hg, we will state
all our bounds in terms of the latter quantity. Note that
we chose to state our Frobenius norm bounds in terms of
the square of the Frobenius norm; this choice facilitates
comparisons with prior work and simplifies our proofs.

Theorem 1 (Deterministic spectral norm reconstruction).
Given A € R™*™ of rank p and a target rank k < p, there
exists a deterministic polynomial-time algorithm to select
r > k columns of A and form a matrix C € R™*" such
that

—k)/r
JA -T2, (A)]. < (v ”)HA—Aknz

(1l
1—/k/r
O (Volr) A = Al

The matrix C can be computed in Tsyp + O(rn(k* +
(p— k)2)) time, where Ty p is the time needed to compute
all p right singular vectors of A.

Our algorithm uses the matrices V; and V,_j of the right
singular vectors of A. These matrices can be computed
in O(mnmin{m,n}) time via the SVD. The asymptotic
multiplicative error of the above theorem matches a lower
bound that we prove in Section 5. This is the first spec-
tral reconstruction algorithm with asymptotically optimal
guarantees for arbitrary r > k. Previous work presented
near-optimal algorithms for » = k [16]. We note that in
Section 3 we will present a result that achieves a slightly
worse error bound (essentially replacing p by n in the
accuracy guarantee), but only uses the top k right singular
vectors of A (i.e., the matrix Vy).

Theorem 2 (Deterministic Frobenius norm reconstruction).
Given A € R™*"™ of rank p and a target rank k < p, there
exists a deterministic polynomial-time algorithm to select
r > k columns of A and form a matrix C € R™*" such
that

F 2 1 2
1A = TEAE < (1+ s ) 1A= Al
The matrix C can be computed in Ty, + O (mn + nrkz)

time, where Iy, is the time needed to compute the top k
right singular vectors of A.

Our bound implies a constant-factor approximation. Previous
work presents deterministic near-optimal algorithms for r =
k [5]; we are unaware of any deterministic algorithms for
r>k.

The next two theorems guarantee (up to small constant
factors) the same bounds as Theorems 1 and 2, but the
proposed algorithms are considerably more efficient. In
particular, there is no need to exactly compute the right
singular vectors of A, because approximations suffice.

Theorem 3 (Fast spectral norm reconstruction). Given A €
R™"™ of rank p, a target rank 2 < k < p, and 0 < ¢ < 1,
there exists a randomized algorithm to select r > k columns
of A and form a matrix C € R™*" such that

BlIA-T2,A)] < (v2+) (1+1T) 1A~ Al
= O<\/n/r> 1A — Agllo.
The matrix C can be computed in

O (mnke 'log (k~! min{m, n}) + nrk?) time.

Theorem 4 (Fast Frobenius norm reconstruction). Given
A € R™ " of rank p, a target rank 2 < k < p, and
0 < € < 1, there exists a randomized algorithm to select
r > k columns of A and form a matrix C € R™*" such
that

B {lA - ELWIE) < 101+ g ) A=Al

The matrix C can be computed in O (mnke_l + nrk;Q) time.

Our last, yet perhaps most interesting result, guarantees
relative-error Frobenius norm approximation by combining
the algorithm of Theorem 4 with one round of adaptive sam-
pling [7], [8]. This is the first relative-error approximation
for Frobenius norm reconstruction that uses a linear number
of columns in k (the target rank). Previous work [11],
[22], [7], [5] achieves relative error with O(klogk + k/€)
columns. Our result asymptotically matches the Q(k/¢)
lower bound in [7].

Theorem 5 (Fast relative-error Frobenius norm reconstruc-
tion). Given A € R™*™ of rank p, a target rank 2 < k < p,
and 0 < € < 1, there exists a randomized algorithm to select
at most

r= %(1 +0(1))

columns of A and form a matrix C € R™*" such that,
E[[|A-TE(A)F] < A+ ollA - ArlE

The matrix C can be computed in O((mnk + nk*)e=2/3)
time.



Running times: Our running times are in terms of
the number of operations needed to compute the matrix
C, and for simplicity we assume that A is dense; if A is
sparse, additional savings might be possible. Our accuracy
guarantees are in terms of the optimal matrix Hé L(A),
which would require additional time to compute. For the
Frobenius norm, computing II{ , (A) is straightforward, and
only requires an additional O (mnr + (m +n)r?) time (see
the discussion in Section 4.2). For the spectral norm, we are
not aware of any algorithm to compute H(Qj, «(A) exactly. In
Section 4.2 we present a simple approach that computes
I12 ,(A), a constant-factor approximation to 112 ,(A), in
O (mnr + (m+n) r2) time. Our bounds in Theorems 1
and 3 can be restated in terms of the error ||A — ﬁ%’k(A)||2;
the accuracy guarantees only weaken by small constant
factors.

1.3. Prior results on column-based matrix reconstructions

There is a long literature on algorithms for column-based
matrix reconstruction using r > k columns. The first result
goes back to [15], with the most recent one being, to the
best of our knowledge, the work in [5]. Table I provides a
summary on lower bounds for the ratio

|A = TIg , (A)]12
IA—AZ

where C is a matrix consisting of r columns of A, with
r > k. Our Theorem 17 in the Appendix contributes a new
lower bound for the spectral norm case when r > k. (Note
that any lower bound for the ratio | A—CCTA||Z/[|A— Ay |2
implies a lower bound for [|A —II¢. , (A)[|2/[|A — Ay||?; the
converse, however, is not true.)

1.3.1. The Frobenius norm case: We present known guar-
antees for the approximation ratio

IA —TIE . (A) 17
1A — Akl

When r = k, [5] gives a (k + 1) approximation running
in O(knm3logm) time; this approximation ratio matches
a lower bound in [8]. [5] also presented a faster ran-
domized algorithm achieving an expected (1 + €)(k + 1)
approximation, running in O(mnlognk2e=2 + nlog®n -
k7e=%log (ke~*logn)) time.

When r = Q(klogk), relative-error approximations are
known. [11] presented the first result that achieved such
a bound, using random sampling of the columns of A
according to the Euclidean norms of the rows of Vj.
More specifically, a (1 + €)-approximation was proven us-
ing r = Q (ke 2log (ke™!)) columns in Ty, + O(kn +
rlogr) time. [22] argued that the same technique gives
a (1 + ¢)-approximation using r = Q (klogk + ke ')
columns and showed how to improve the running time to
Ty, + O(kn + rlogr), where Vi, € R™¥F contains the

right singular vectors of an approximation to Ay and can
be computed in o(mnmin{m,n}) time (sub-SVD). In [7],
the authors leveraged volume sampling and presented an
approach that achieves a relative error approximation using
O(k*logk + ke™') columns in O(mnk?logk) time. Also,
it is possible to combine the fast volume sampling approach
in [5] (setting, for example, ¢ = 1/2) with O(logk)
rounds of adaptive sampling as described in [7] to achieve
a relative error approximation using O (klogk + ke~')
columns. The running time of this combined algorithm is
O (mnk?logn + nk7log? nlog (klogn)). The techniques
in [11] do not apply to general r > k, since Q(klogk)
columns must be sampled in order to preserve rank with
random sampling.

A related line of work (including [6], [12], [13], [23])
has focused on the construction of coresets and sketches
for high dimensional subspace approximation with respect
to general £, norms. In our setting, p = 2 corresponds
to Frobenius norm matrix reconstruction, and Theorem 1.3
of [23] presents an exponential in k/e algorithm to select
O (k?*/elog (k/e€)) columns that guarantee relative error
approximation. It would be interesting to understand if the
techniques of [6], [12], [13], [23] can be extended to match
our results here in the special case of p = 2.

1.3.2. The spectral norm case: We present known guar-
antees for the approximation ratio

IA —TI2 . (A)]13
A = Axl3

In general, results for spectral norm have been sparse. When
r = k, the strongest bound emerges from Strong Rank
Revealing QR (RRQR) [16] (specifically Algorithm 4 in
[16]), which, for f > 1, runs in O(mnklog;n) time and
guarantees an f2k(n — k) + 1 approximation. For r > k, to
the best of our knowledge, there is no easy way to extend
the RRQR guarantees. In fact, we are not aware of any
bound applicable to this domain other than those obtained by
trivially extending the Frobenius norm bounds, because any
a-approximation in the Frobenius norm gives an a(p — k)-
approximation in the spectral norm:

IA-TR,(A)B < A=~ TIE,(A)3 < A -, (A)]3

<
<oA= AullE < alp - k)|A - Axll3.

2. MAIN TOOLS

Our two main tools are the use of matrix factorizations
for column-based low-rank matrix reconstruction, and two
deterministic sparsification lemmas which extend the work
of [1].

2.1. Matrix factorizations

Our first tool suggests how to use matrix factorizations to
reconstruct a matrix from a subset of its columns: Lemmas



r Spectral norm (£ = 2)

Frobenius norm (§ = F’)

n/k 5]

E+ 18]

n/r (Section 5)

1+ k/r [7] (also see Section 5)

Table 1
2
LOWER BOUNDS FOR THE APPROXIMATION RATIO ||A — Hgk(A)Hé/HA — Ay H?

6, 8, and 9. Lemmas 8 and 9 present factorizations of the
matrix A € R™*™ of the form

A=BZ' +E,

where B € R"*k 7 ¢ R"*k E € R™*", and Z consists
of orthonormal columns. Lemma 6 shows how to apply
these factorizations by drawing a connection between matrix
factorizations and column selection. Lemma 6 is the starting
point of all our column reconstruction results.

Lemma 6. Let A = BZ" +E, with EZ = 0y, and 2'Z =
I. Let S € R™" be any matrix such that rank(Z'S) =
rank(Z) = k. Let C = AS € R™*". Then,

2 2
1A —TI¢ . (A, < IIEIIZ + [ES(ZTS)" .

Proof: The optimality of Hgk(A) implies that ||A —
Hék(A)Hg < ||A = X||Z over all matrices X € R™*" of
rank at most & in the column space of C. Consider the matrix
X=C (ZTS)+ Z" (clearly X is in the column space of C
and rank(X) < k because Z € R™*¥):

TQ\+~7T 12 _
IA=C(Z'S)"Z ¢ =

= ||Bz"+ (A-BZ")— (BZ"+E)S(Z"S)"Z"|?

A C=AS
= ||BZ" —BZ'S(Z'S)*Z" + E+ ES(Z'S)"Z"||}
W B+ ES(Z"S)TZ"?
®)
< |EIZ+ES(ZTS)*Z|I2.

(a) follows because, by assumption, rank(Z'S) = &,
and thus (Z'S)(z'S)* = 1, which implies BZT —
B(Z'S)(Z"S)*Z" = 0,,xn. (b) follows by matrix-
Pythagoras because ES(ZTS)+ZTET = 0,,xn (recall that
E = A —BZT and EZ = 0,4 by assumption). The
lemma follows by strong submultiplicativity because Z has
orthonormal columns, hence ||Z]|2 = 1. [ |
In this work, we view C as a dimensionally-reduced or
sampled sketch of A; S is the dimension-reduction or
sampling matrix. In words, Lemma 6 argues that if the
matrix S preserves the rank of an approximate factorization
of the original matrix A, then the reconstruction of A from
C = AS has an error that is essentially proportional to
the error of the approximate factorization. The importance
of this lemma is that it indicates an algorithm for matrix
reconstruction using a subset of the columns of A: first,

compute any factorization of the form A = BZT + E
satisfying the assumptions of the lemma; then, compute a
sampling matrix S which satisfies the rank assumption and
controls the error ||ES(ZTS)+||£.

An immediate corollary of Lemma 6 emerges by consider-
ing the SVD of A. More specifically, consider the following
factorization of A: A = AVkVE + (A — Ayg), where Vy, is
the matrix of the top k right singular vectors of A. In the
parlance of Lemma 6, Z = Vi, B = AV, E = A — Ay,
and clearly EZ = 0, k.

Lemma 7. Let S € R"*" be a matrix such that
rank(V}S) = k. Let C = AS; then,

2 2
1A —TI¢ (A, < 1A — AxllZ + [I(A = AR)S(VES) .

The above lemma will be useful for designing the de-
terministic (spectral norm and Frobenius norm) column-
reconstruction algorithms of Theorems 1 and 2. However,
computing the SVD is costly and thus we would like to
design a factorization of the form A = BZ" + E that is as
good as the SVD, but can be computed in O(mnk) time.
The next two lemmas achieve this goal by extending the
algorithms in [18], [21] (see [2] for their proofs). We will
use these factorizations to design fast column reconstruction
algorithms in Theorems 3, 4, and 5.

Lemma 8 (Randomized fast spectral norm SVD). Given
A € R™ " of rank p, a target rank 2 < k < p, and 0 < e <

1, there exists an algorithm that computes a factorization
A =BZ" +E, with B=AZ, Z'Z =1y, and EZ = 0,,x},
such that

B[El2 < (V2+¢) A~ Ao,

The proposed algorithm runs in
O (mnke 'log (k="' min{m, n})) time.

Lemma 9 (Randomized fast Frobenius norm SVD). Given
A € R™*" of rank p, a target rank 2 < k < p, and 0 < e <
1, there exists an algorithm that computes a factorization
A =BZ"' +E, with B=AZ, Z'Z = 1y, and EZ = 0,,,x,
such that

E[|E|Z] < (1+e)llA — Axllf.

The proposed algorithm runs in O (mnke_l) time.



2.2. Sparse approximate decompositions of the identity

Lemmas 6, 8 and 9 argue that, in order to achieve almost
optimal column-based matrix reconstruction, we need a
sampling matrix S that preserves the rank of Z and controls
the error |[ES(ZTS)1|| ¢- We present algorithms to compute
such a matrix S in Lemmas 10 and 11. These lemmas
were motivated by an important linear-algebraic result for
a decomposition of the identity presented by Batson et
al. [1]. Tt is worth emphasizing that the result of [1] can not
be directly applied to the column reconstruction problem.
Indeed, in our setting, it is necessary to control properties
related to both matrices Z and E = A—BZT simultaneously.
In the spectral-norm reconstruction case, we need to control
the singular values of the two matrices; in the Frobenius-
norm reconstruction case, we need to control singular values
and Frobenius norms of two matrices.

Lemma 10 (Dual Set Spectral Sparsification.). Let V =
{vi,...,vp}andUd = {uy,...,u,} be two equal cardinal-
ity decompositions of the identity where v; € RF (k <mn),

uZ€R€(€<n)Z Lvivy =1, and Y1 wul = 1.

Given an integer v with k < r < n, there exists a set of
weights s; > 0 (i = 1,...,n) at most r of which are non-
zero, such that

k (i 81V1V1T>
i? ,
1 (; Szuzu,T> (1 + \/%) .

The weights s; can be computed deterministically in
0 (rn (k:2 + 32)) time.
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Proof Sketch. The main insight is to decouple the analysis
of the lower bound on Ay and the upper bound on A; in [1].
Once this is done, one can accomodate two different sets of
vectors, and the rest of the analysis follows a similar line
of reasoning as the original single set analysis of [1]. The
details are in [2]. [ ]

In matrix notation, let U and V be the matrices whose
rows are the vectors u; and v; respectively. We can now
construct the sampling matrix S € R™*" as follows: for
t = 1,...,n, if s; is non-zero then include ,/s;e; as a
column of S; here e; is the i-th standard basis vector !
Using this matrix notation, the above lemma guarantees that
ok (VTS) >1—+/k/r and o1 (UTS) <1+ \/E/_r Clearly,
S may be viewed as a matrix that samples and rescales r
rows of U and V (columns of UT and VT), namely the rows
that correspond to non-zero weights s;.

"Note that we slightly abused notation: indeed, the number of columns
of S is less than or equal to 7, since at most r of the weights are non-zero.
Here, we use 7 to also denote the actual number of non-zero weights, which
is equal to the number of columns of the matrix S.

Lemma 11 (Dual Set Spectral-Frobenius Sparsification.).
Let V = {v1,...,vy} be a decomposition of the identity,
where v; € RF (k < n) and Y ) v;vl = i let
A = {ay,...,a,} be an arbitrary set of vectors, where
a; € R Then, given an integer r such that k < r < n,
there exists a set of weights s; > 0 (i =1...n), at most r
of which are non-zero, such that

n 2

k (; siviviT> (1 — g) and

Tr (i: siaz—aiT> Tr (i al-aiT> = i llail|3.
i=1 i=1 i=1

The weights s; can be computed deterministically in
0] (rnk2 + né) time.

Y

IA

Proof Sketch. After decoupling the analysis as in
Lemma 10, the main insight is to introduce a new potential
function which controls the Frobenius norm of the sparsified
second set of vectors. This new potential function turns
out to be the trace. The two set analysis for two different
potential functions then follows a similar line as Lemma 10.
Again, the details are in [2]. |

In matrix notation (here A denotes the matrix whose
rows are the vectors a;), the above lemma guarantees that

o (V'S) 21— \/k/r and |ATS|3 < [|A[%.
3. PROOFS OF OUR MAIN RESULTS

In this section, we leverage the main tools described
in Section 2 in order to prove the results of Section 1.2
(Theorems 1 through 5). We start with a proof of Theorem 1,
using Lemmas 7 and 10.

Proof of Theorem 1. Apply the algorithm of Lemma 10 on
the following two sets of vectors: the n rows of the matrix
V. and the n rows of the matrix V,_j;. The output of the
algorithm is a sampling and rescaling matrix S € R"*" (see
discussion after Lemma 10 in Section 2.2). Let C = AS and
note that C consists of a subset of r rescaled columns of
A. Lemma 10 guarantees that o3 (VES) > 1 — \/k/r >
0 (assuming r > k), and so rank(V,S) = k. Also,
o1(Vp_iS) = [V, aSll, < 1+ (p— k )/r. Applying
Lemma 7, we get [|A —TIZ , (A)[|3 <

< A = Axl3 + 1A = ARS(VES) T3

< A = Axl3 + I(A = ARSIEIIVES)*II3

= 1A= ARl + U130k Vo1 SIEN (Vi S) T3
< A = ARlE + 12—k I3V SIZN(VES) I3

2 L+ +(p—Fk)/r)?
< A=Al {1+ :
(1—/k/r)?
where the last inequality follows because | X,_|l2 = ||A —

Agllz and [|(VES)Fll2 = 1/0k(VES) < 1/(1 — \/k/r).

Theorem 1 now follows by taking square roots of both sides



and using v/1 4+ 22 < 1 + z. The running time is equal to
the time needed to compute Vj, and V,_j, plus the running
time of the algorithm in Lemma 10. Finally, we note that
the rescaling of the columns of C does not change the span
of its columns and thus is irrelevant in the construction of
112 . (A). |

Our next theorem describes a deterministic algorithm for
spectral norm reconstruction that only needs to compute Vy,
and will serve as a prequel to the proof of Theorem 3. The
accuracy guarantee of this theorem is essentially identical to
the one in Theorem 1, with p — k being replaced by n.

Theorem 12. Given A € R™*"™ of rank p and a target
rank k < p, there exists a deterministic polynomial-time
algorithm to select v > k columns of A and form a matrix
C € R™*" such that

L+ Vs

JA-TIZ (A)ll2 < [|A—Agll2+ (W) [A—Agll2.
The matrix C can be computed in Ty, + O(nrk?) time,
where Ty, is the time needed to compute the top k right
singular vectors of A.

Proof: The proof is very similar to the proof of The-
orem 1, so we only highlight the differences. First, apply
the algorithm of Lemma 10 on the following two sets of
vectors: the n rows of the matrix Vi and the n rows of the
matrix I,,. The output of the algorithm is a sampling and
rescaling matrix S € R™*" (see discussion after Lemma 10
in Section 2.2). Let C = AS and note that C consists of a
subset of r rescaled columns of A. Lemma 10 guarantees
that ||I,S]|, < 1+ y/n/r. We now replicate the proof of
Theorem 1 up to the point where ||(A — Ak)S(VES)“‘H; is
bounded. We continue as follows:

2

I(A = AL S(VES)*Il5
2
< A = AR BISIZI(VES) 5

I(A = AR)S(VIS)*|I2

The remainder of the proof now follows the same line as
in Theorem 1. Again, the rescaling of the columns of C
is irrelevant to the construction of IIZ ,(A). To analyze
the running time of the proposed algorithm, we need to
look more closely at Lemma 10 and the related algorithm.
The details are in [2], where we argue that the algorithm
of Lemma 10 can be implemented in O(nrk?) time. The
total running time is the time needed to compute Vy plus
O(nrk?). ]
Proof of Theorem 3. In order to prove Theorem 3 we will
follow the proof of Theorem 1 using Lemma 8 (a fast matrix
factorization) instead of Lemma 7 (the exact SVD of A).
More specifically, instead of using the top k right singular
vectors of A (the matrix V), we use the matrix Z € R***
of Lemma 8. We now apply the algorithm of Lemma 10 on
the following two sets of vectors: the n rows of the matrix Z

and the n rows of the matrix I,,. The output of the algorithm
is a sampling and rescaling matrix S € R™*" (see discussion
after Lemma 10 in ection 2.2). Let C = AS and note that C
consists of a subset of r rescaled columns of A. The proof
of Theorem 3 is now identical to the proof of Theorem 12,
except for using Lemma 6 instead of Lemma 7 in the first
step of the proof:

IA =112 k(A5 < Bl + [ES(Z"S) 7|3
IE|3 + [IEL.S(Z"S)*|3

IENZ (1 + . SIEI(ZTS)*II3) ,

A

where E is the residual error from the matrix factorization
of Lemma 8. Taking square roots (using v/1 + 22 < 1+ 1)
and using the bounds guaranteed by Lemma 10 for ||I,S||,
and [|(Z"S)*|,, we obtain a bound in terms of |E|.,.
Finally, since E is a random variable, taking expectations
and applying the bound of Lemma 8 concludes the proof
of the theorem. Again, the rescaling of the columns of C is
irrelevant to the construction of IT¢ ; (A). The running time
is the time needed to compute the matrix Z from Lemma &
plus an additional O(nrk?) time as in Theorem 12. n

Proof of Theorem 2. First, apply the algorithm of
Lemma 11 on the following two sets of vectors: the n rows
of the matrix V, and the n rows of the matrix (A — Ak)T.
The output of the algorithm is a sampling and rescaling
matrix S € R™ " (see discussion after Lemma 10 in
Section 2.2). Let C = AS and note that C consists of a
subset of r rescaled columns of A. We follow the proof of
Theorem 1 in the previous section up to the point where we
need to bound the term ||(A — Ak)S(V£S)+||§. By strong
submultiplicativity,

I(A = AR)S(VES)TIIE < (A = AR)SIEI(VES)FIIS.

To conclude, we apply Lemma 11 to bound the two terms
in the right-hand side of the above inequality. Again, the
rescaling of the columns of C is irrelevant to the construction
of IIE', (A). The running time of the proposed algorithm is
equal to the time needed to compute Vi, plus the time needed
to compute A — Ay (which is equal to O(mnk) given V)
plus the time needed to run the algorithm of Lemma 11,
which is equal to O (nrk? + nm). [ ]

Proof of Theorem 4. We will follow the proof of Theorem 2,
but, as with the proof of Theorem 3, instead of using the
top k left singular vectors of A (the matrix Vi), we will
use the matrix Z of Lemma 9 that is computed via a fast,
approximate matrix factorization. More specifically, let Z be
the matrix of Lemma 9 and run the algorithm of Lemma 11
on the following two sets of vectors: the n rows of the
matrix Z and the n rows of the matrix ET. The output of the
algorithm is a sampling and rescaling matrix S € R™*" (see
discussion after Lemma 10 in Section 2.2). Let C = AS and
note that C consists of a subset of r rescaled columns of



A. The proof of Theorem 4 is now identical to the proof of
Theorem 2, except for using Lemma 6 instead of Lemma 7.
Ultimately, we obtain

IA = TIE . (A)]1F N7 + IES(Z'S)* 13

IEI + IESIZ"S) 3
(1+ (1= VA7) ) e

The last inequality follows from the bounds of Lemma 11.
The theorem now follows by taking the expectation of both
sides and using Lemma 9 to bound E[HEH;} Again, the
rescaling of the columns of C is irrelevant to the construction
of IIE", (A). The overall running time is derived by replacing
the time needed to compute Vi in Theorem 2 with the
time needed to compute the fast approximate factorization
of Lemma 9. ]

IN A

IA

Proof of Theorem 5. Finally, we will prove Theorem 5 by
combining the results of Theorem 4 (a constant factor ap-
proximation algorithm) with one round of adaptive sampling.
We first recall the following lemma, which has appeared in
prior work [9], [14].

Lemma 13. Given a matrix A € R™*", a target rank k, and
an integer r, there exists an algorithm to select r columns
Sfrom A to form the matrix C € R™*" such that

k
E[[|A - TE (A)F] <IIA = AelF + ~Al7

The matrix C' can be computed in O(mn + rlogr) time.

Algorithms for the above lemma choose r columns of A
in r independent identically distributed (i.i.d.) trials, where
in each trial a column of A is sampled with probability
proportional to its norm-squared (importance sampling). We
now state Theorem 2.1 of [8], which builds upon Lemma 13
to provide an adaptive sampling procedure that improves the
accuracy guarantees of Lemma 13.

Lemma 14. Given a matrix A € R™*", Jet C; € R™*"
consist of r columns of A, and define the residual B =
A — C1C'1~'A e R™"™ Fori=1,...,n, let

pi = IIbsl13/IBII%,

where b; is the i-th column of the matrix B. Sample a further
s columns from A in s ii.d. trials, where in each trial the
i-th column is chosen with probability p;. Let Co € R™*®
contain the s sampled columns and let C = [C; Cj] €
R™*("+5) contain the columns of both C1 and Cs, all of
which are columns of A. Then, for any integer k > 0,

ke
E |[|A =T, | < [IA = Axlk+ B

2
e
Note that Lemma 14 is an extension of Lemma 13; one can
obtain Lemma 13 by setting C; to be empty in Lemma 14.
We are now ready to prove Theorem 5. First, fix d > 1

and define cg = (1+e€o) (1 + 1/(1 —+/k/7)?), where
7 = [dk]. (We will choose d and ¢y later.) Now run the
algorithm of Theorem 4 to sample # = [dk] columns
of A and form the matrix C;. Then, run the adaptive
sampling algorithm of Lemma 14 with B = A — C;C] A
and sample a further s = [ cok/e | columns of A to form
the matrix Cy. Let C = [C; Ca] € R™*("+%) contain
all the sampled columns. We will analyze the expectation
E [||A - Hgk(A)H;} Using the bound of Lemma 14, we
first compute the expectation with respect to C, conditioned
on Cy:

2 k
Ec, [IA - EL(A)7] €] < 1A = Awl+ 2B

We now compute the expectation with respect to C; (only
B depends on C;):

Ec, [Ec, [|A — I, (A)[F] C]] <

k
||A—Ak||%+;Ec1 [lA — CiCTA|2]. (1)

By the law of iterated expectation, the left hand side is
exactly equal to E {HA—Hgk(A)H%} We now use the

accuracy guarantee of Theorem 4 and our definition of ¢
to bound

Ec, [[|A - CiCTA| %] < Ec, [||A - TIE, x(A)[7]

< collA — Al
Using the bound in (1), we obtain
E[|A - I, (A)E] < A = Aglf (1 + cok/s) .

Finally, recall that for our choice of s, s > cok/e, and so
we obtain the relative error bound. The number of columns
needed is r = 7 + s = dk + cok/e. Set d = (1 + a)?,
where o = /(1 + €p)/e. After some algebra, this yields
r=k(@®+ (1+a)?) = 251+ O(e + €'/%)) sampled
columns. The time needed to compute the matrix C is the
sum of three terms: the running time of Theorem 4 (which
is O(mnkey ' + nik?)), plus the time needed to compute
A — C;C{ A (which is O(mn#)), plus the time needed to
run the algorithm of Lemma 14 (which is O(mn + slog s)).
Assume r < n (otherwise the problem is trivial), set g =
€2/% and use d = O(e~2/3) to get the final asymptotic run
time. |
Comments. The number of columns required for relative
error approximation is approximately %, a 2-factor from
optimal, since % are needed ([7] and Section 5). We get a
much better running time of O(mnk-+nk3+nloge!) using
just a constant factor more columns by setting d and ¢; in
the proof to constants (for example setting d = 100; ¢y =
82 ~ 1 results in 2£(1 + o(1)) columns).



4. MATRIX PYTHAGORAS AND THE COMPUTATION OF
g 1 (A)

4.1. Matrix norm properties

Recall notation from Section 1.1; for any matrix A of
rank at most p, it is well-known that ||A[|% = Y"7_, 02(A)
and |Allz2 = o1(A). Also, the best rank k approxima-
tion to A satisfies |A — Aglls = ok1(A) and ||A —
Apllz = X041 07(A). For any two matrices A and B
of appropriate dimensions, |[Al2 < [|Allr < /p|Al2,
|ABlz < |Allr|Bll2 and [AB|F < [[Afl2]Blls. The
latter two properties are stronger versions of the standard
submultiplicativity property.

We refer to the next lemma as matrix-Pythogoras:

Lemma 15. I[f X, Y € R"*" and XY = 0, xm or XY =
0,,%n, then

IX+ Y% = IXI% + Y[,
max{|[XI[3, [ YII5} < X+ Y5 < [IX]I3 + [IY]3.

Proof: Since XY = Opxm, (X + V)X +Y)T =
XXT+YYT. For € = F,

IX4Y[|7 =Tr (X+Y)X+Y)") =Tr (XX"+YY") =
= |IXIE + 1Y%
Let z be any vector in R™. For £ = 2,

X+ Y3 = e zZ'(X+Y)(X+Y)'z=
z|o=1

= max (zTXXTz + zTYYTz) .

lz][2=1
We have that max|,,—; (2 XXz + z"YY"z) is at most

max z' XXz + ‘Hﬁax 2'YY'z = | X||3 + || Y3
1

lz[l2=1 llzll2=
and that

max (z'XX"z+2"YY"z) > max z"XX"z = ||X||3,
lzll2=1 lzll2=1
since z' YY Tz is non-negative for any vector z. We get the
same lower bound with ||Y||3 instead, which means we can
lower bound with max{||X||3, || Y||2}. The case with XY =
0,,xn can be proven similarly. [ |

4.2. Computing the best rank k approximation Hé w(A)

Let A € R™*" let k < n be an integer, and let C €
R™*" with r > k. Recall that TI5. , (A) € R™*™ is the best
rank k£ approximation to A in the column space of C: We
can write Hék(A) = CX¢, where

X = argmin [|A — C\I'||§
TeR™>n.rank(¥)<k
In order to compute (or approximate) Hf:’ +(A) given A, C,

and k, we will use the following algorithm:

1: Orthonormalize the columns of C in O(mr?) time to
construct the matrix Q € R™*",

2: Compute (Q'A), € R™" via SVD in O(mnr + nr?)
— the best rank-k approximation of QT A.

3: Return Q (QTA)k € R™*™ in O(mnk) time.

Clearly, Q (Q"A) . 1s a rank k matrix that lies in the column
span of C. Note that though Hé +(A) can depend on &, our
algorithm computes the same matrix, independent of £. The
next lemma, which is essentially Lemma 4.3 in [4] together
with a slight improvment of Theorem 9.3 in [18], proves
that this algorithm computes Hg »(A) and a constant factor
approximation to IT¢ , (A).

Lemma 16. Given A € R™*", C € R™*" and an integer
k, the matrix Q (QTA)k € R™*™ described above (where
Q is an orthonormal basis for the columns of C) can be
computed in O (mnr + (m + n)r?) time and satisfies:

1A —Q (QTA), |-
IA—Q(Q"A), I

Proof: Our proof for the Frobenius norm case is a mild
modification of the proof of Lemma 4.3 [4]. First, note that
Hgk(A) = Hg_’k(A), because Q € R™*" is an orthonormal
basis for the column space of C. Thus,

1A = TIE 4 (A)[F = 1A = 11 (A7 =

min A —QUZ.
v:rank(v)<k | I

1A =TI 4 (A)[%
2/|A — 112 1 (A)I3.

IN

Now, using matrix-Pythagoras and the orthonormality of Q,
IA = QU|E =[|A - QQ"A + Q(Q'A ~ ¥)|% =
1A — QQ A% + [IQ7A — w|f3.
Setting ¥ = (Q'A); minimizes the above quantity over
all rank-k matrices W. Thus, combining the above results,
IA —TEL(A)F = 1A = Q (QTA), II3-
We now proceed to the spectral-norm part of the proof,

which combines ideas from Theorem 9.3 [18] and matrix-
Pythagoras. We first manipulate ||A — Q (QTA)]C %=

JA-QQ"A+Q(Q"A—(QTA)) II3

< [JA—=QQTA|3+ IQQ"A — (QQ"A)xl3
(a)

< JA-TII3 (A3 + A — Axll3

< 20A-TI3 L (A)]3.

The first inequality follows from the simple fact that
(QQTA)k =Q (QTA)k and matrix-Pythagoras; the first
term in (a) follows because QQTA is the (unconstrained,
not necessarily of rank at most k) best approximation to A
in the column space of Q; the second term in (a) follows
because QQ is a projector matrix and thus

[QQ"A—(QQTA)L[|3 = 07,1 (QQTA) < 0741 (A) = ||A—A|3.



The last inequality follows because

1A = Akl < A =113, (A)]]3-

5. LOWER BOUNDS
Theorem 17. For any o > 0, any k > 1, and any r > 1,
there exists a matrix A € R™*™ for which
|A —CCTA|3
1A — Akl
Here C is any matrix that consists of v columns of A. As

a — 0, the lower bound is n/r for the approximation ratio
of spectral norm column-based matrix reconstruction.

n+042
T r4a2’

Proof: We extend the lower bound in [5] to arbitrary
r > k. Consider the matrix

A =le; +aey,e; +aes,...,e; +ae,q1] € R Hxn,

where e; € R™t! are the standard basis vectors. Then,
ATA = 1,17 + o1, o?(A) =n+a?, and

o?(A) =a* for i> 1.

K2

Thus, for all k£ > 1, ||A — Ag||3 = o?. Intuitively, as o — 0,
A is a rank-one matrix. Consider any r columns of A and
note that, up to row permutations, all sets of r columns
of A are equivalent. So, without loss of generality, let C
consist of the first 7 columns of A. We now compute the
optimal reconstruction of A from C as follows: let a; be the
j-th column of A. In order to reconstruct a;, we minimize
la; — Cx||3 over all vectors x € R". Note that if j < r then
the reconstruction error is zero. For j > 7, a; = e +aejiq,

T T
Cx=e; E T; +« E Ti€it1-
i=1 i=1

Then,

la; — Cx|3

s T
lle1 (le - 1) +ay wei — el
i=1 =1
s 2 s
(Zmi—1> +a2z.ﬁ+1.
=1 =1

The above quadratic form in x is minimized when x; =
(r+o¢2)_1 foralli=1,...,r. Let A=A — CCTA and
let the j-th column of A be a;. Then, for j < r, a; is an
all-zeros vector; for j > 7, &; = aeji1 — 757 D iy €it1.

Thus,
ATA _ |: 0y xr 07'><(n—7'):| ,
O(n—r)xr Z
where
o? T 2
Z = 1,1,  +a I,

7+ o?

This immediately implies that

~ AT A
|A —CCTA|3 IAIZ = A All2 = |1Z]3
_ (n—r)a? Lot = n+o¢2a2'
r+ o2 r+a?
This concludes our proof, because
0? = | A - A3

5.1. Frobenius norm approximation

Note that a lower bound for the ratio
|A = TIg L (A)[IZ/IIA — AxllZ,
does not imply a lower bound for the ratio
|A — CCTA[Z/A — AllZ,
because
|A—CCTA|Z/[ A=Ak < [|A-TIE  (A)|1Z/]|A—AxlZ.

Also, notice that Proposition 4 in [7] shows a lower bound
1+ k/2r for the ratio ||A — IIE  (A)||%/||A — Ag||%. For
completeness, we extend the bound of [7] for the ratio ||A —
CCTA|%/||A — Ag|%; in fact, we obtain a lower bound
which is asymptotically 1 + k/r.

The matrix Z constructed in the previous proof is all we
need. The trace of Z is the Frobenius norm of the residual
error matrix in approximating A using any r columns. This
gives the following lemma.

Lemma 18. For any o > 0 and r > 1, there exists a matrix
A € R™*™ for which

|A—CCTA|% n-r(, 1
1A = AqlE r+a?)
Proof: In the proof of Theorem 17,

“n—1

)
r+a2”’
and |A — A4||Z = (n—1)a?. ]

Now, construct a matrix with k£ copies of A along the
diagonal. The size of each block is 7. We sample r columns

in total, with r; from each block. Lemma 18 holds in each
block, with n and r replaced by 7 and r;.

|A—CCTA|% =Tr(Z) = a®(n —r)(1 +

Theorem 19. For any a > 0, any k > 1, and any r > 1,
there exists a matrix A € R"™*™ for which

||A—CC+A||%>n—r 14 k
|A— A2 ~n-—k r+a?)’

Here C is any matrix that consists of r columns of A. As
a — 0 and n — oo the lower bound is 1 + k/r for the
approximation ratio of Frobenius norm column-based matrix
reconstruction.




Proof: Let B be the block diagonal matrix with k copies
of A along the diagonal (A is the matrix defined in the proof
of Theorem 17). Let r; be the number of columns selected in
each block, Zle r; = r. We can treat the Frobenius error
in each block independently. Let Z; be the error matrix in
each block, as in the proof of Theorem 17. Then, using
Lemma 18, the approximation error is

k
> Tr(Zs)
i=1

9 k n 1 1
« ;(E—’IH)( +T’,‘+a2).

Minimizing this expression subject to the constraint that
Zle r; = r gives r; = r/k. The result follows after a
little algebra using ||A — Ag||% = (n — k)a?. [ ]

|A = CCTA[% =

6. OPEN PROBLEMS

Several interesting questions remain unanswered; we
highlight two. First, is it possible to improve the running
time of the deterministic algorithms of Lemmas 10 and 11?
Recently, Zouzias [24] made progress in improving the
running time of the spectral sparsification result of [1];
can we get a similar improvement for the 2-set algorithms
presented here? Second, in the parlance of Theorem 5, is
there a deferministic algorithm that selects O(k/e) columns
from A and guarantees relative-error accuracy for the error
|A — TIE  (A)]IE? In a very recent development, [17]
partially answers this question by extending the volume sam-
pling approach of [5] to deterministically select £(1+0(1))
columns and obtain a relative error bound for the term
|A —CCtAJ%. Notice that it is not obvious if [17] implies
a similar deterministic bound for the error ||A — Hgy (A%
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